On a modification method of Lefschetz thimbles by Tsutsui, Shoichiro & Doi, Takahiro M.
On a modification method of Lefschetz thimbles
Shoichiro Tsutsui1,? and Takahiro M. Doi2
1KEK Theory Center, High Energy Accelerator Research Organization, 1-1 Oho, Tsukuba, Ibaraki 305-0801,
Japan
2Theoretical Research Division, Nishina Center, RIKEN, Wako 351-0198, Japan
Abstract. The QCD at finite density is not well understood yet, where standard Monte
Carlo simulation suffers from the sign problem. In order to overcome the sign problem,
the method of Lefschetz thimble has been explored. Basically, the original sign problem
can be less severe in a complexified theory due to the constancy of the imaginary part of
an action on each thimble. However, global phase factors assigned on each thimble still
remain. Their interference is not negligible in a situation where a large number of thim-
bles contribute to the partition function, and this could also lead to a sign problem. In this
study, we propose a method to resolve this problem by modifying the structure of Lef-
schetz thimbles such that only a single thimble is relevant to the partition function. It can
be shown that observables measured in the original and modified theories are connected
by a simple identity. We exemplify that our method works well in a toy model.
1 Introduction
The Monte Carlo method is one of the most important technique to explore nonperturbative physics.
It is based on the fact that the Boltzmann factor e−S can be regarded as a probability distribution
function. Here, S denotes the total action. In other words, e−S should be real and positive. On
the other hand, many interesting models in physics have a complex action, and this causes the sign
problem. For instance, the total action of the QCD at finite density becomes complex due to the
fermion determinant. The phase diagram in the finite density region is not understood yet since the
standard Monte Carlo simulation suffers from the sign problems.
In order to overcome the sign problem, the method of Lefschetz thimble has been studied [1–14].
It is known that a partition function defined on the real space Rn can be decomposed into an integral
on a set of curved manifolds in the complex space Cn [15]. These manifolds which are referred to
as the Lefschetz thimbles are characterized by the holomorphic gradient flow on which the imaginary
part of an action is constant. Basically, the sign problem appearing in the real space becomes mild on
the Lefschetz thimbles due to the constancy of the imaginary part of the action. However, even if the
thimble decomposition is performed, the sign problem is not completely solved since each integral
on a thimble has a global sign factor e−iImS (zσ), where zσ is a fixed point of the flow equation. The
interference between thimble integrals could be problematic if a large number of Lefschetz thimbles
contribute to the partition function.
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In this study, we propose a way to avoid the interference of the global sign factors. Our strategy
consists of two steps. In the first step, we modify the partition function such that it is rewritten
as an integral on a single Lefschetz thimble. In the second step, we reconstruct the expectation value
defined with the original (unmodified) partition function from that with the modified partition function
through a simple identity. This identity is studied first in our previous paper [16] for the cosine model,
which is obtained as a special case of the one site U(1) link model.
The outline of this paper is as follows. In Sec. 2, we review the thimble decomposition of the
partition function. We also point out the practical and conceptual difficulty of this technique. In
Sec. 3, we give a key identity which plays a central role in this study. In Sec. 4, we demonstrate
the modification of thimble structure for a simple toy model. Section 5 is devoted to discussions and
summary.
2 Thimble decomposition
In this section, we give a brief introduction of the thimble decomposition of partition functions. We
assume that the partition function has a following form:
Z f =
∫
D
dx f (x)e−S q(x), (1)
where f (x) is a complex-valued function defined on x ∈ R and S q(x) is a real-valued action. D is
an integration domain on a real axis. Throughout this paper, we consider 1-dimensional integral (0-
dimensional field theory), for simplicity. We remark that many interesting models like chiral random
matrix models and QCD have partition functions whose form is similar to Eq. (1). More concretely,
f (x) in Eq. (1) mimics the fermion determinant.
By exponentiating f (x) in Eq. (1), we get
Z f =
∫
D
dxe−(S q(x)−log f (x)). (2)
Clearly seen from this expression, the total action S (x) ≡ S q(x) − log f (x) is complex unless f (x)
takes real and positive values. The complex nature of the total action S (x) leads to the sign problem.
The thimble decomposition is a beautiful framework which improves the oscillatory behavior of
the total action. In general, the partition function can be decomposed as follows [15]:
Z f =
∫
D
dxe−S (x) =
∑
σ
nσe−iImS (zσ)
∫
Jσ
dze−ReS (z). (3)
Here, zσ denotes the complex saddle point defined by
∂S (z)
∂z |z=zσ = 0, and σ is a label of each saddle
point. The new integration path appearing in the right hand side Jσ is the steepest decent path, or
so-called Lefschetz thimble, which are defined by the holomorphic flow equation:
∂z
∂t
= +
(
∂S (z)
∂z
)
, (4)
where z¯ is a complex conjugate of z. We also introduce the dual of the Lefschetz thimble which is
defined by the following flow equation:
∂z
∂t
= −
(
∂S (z)
∂z
)
. (5)
This manifold corresponds to the steepest ascent path. Coefficient nσ in Eq. (3) is the intersection
number of the original integration path and the steepest ascent path. If the intersection number is
non-zero, we refer to the thimble Jσ as a relevant thimble.
On each Lefschetz thimble, the oscillatory behavior of the total action is well controlled because
its imaginary part ImS (z) is constant along the thimble. Thus, the sign factor e−iImS (zσ) is factorized
out of the integral.
In principle, the Monte Carlo integration of partition function based on the thimble decomposition
can be performed by the following procedure:
(a). Find all saddle points {zσ} in the complex plane.
(b). Compute the intersection number nσ for all saddle points.
(c). Perform Monte Carlo sampling with the weight e−ReS+log det Jσ , where Jσ is a Jacobian of the
integration measure on thimbles.
Of course, these procedure can be carried out easily for a one dimensional integral Eq.(1). However, it
seems hopeless to do that for field theories for the following three reasons. First, it is quite difficult to
find all saddle points (or configurations in a field theory) and compute the corresponding intersection
numbers. Second, usual Monte Carlo simulation does not work if there are several relevant thimbles.
Because the thimbles are topologically disconnected, there are infinitely large potential barriers be-
tween thimbles. Third, the sign factor e−iImS (zσ) can cause the sign problem if the number of relevant
thimbles is large.
The first issue will be solved by considering not only Lefschetz thimbles but also more general
manifolds. In [17–22], a class of manifolds parametrized by the flow time is discussed. Since these
manifolds are automatically determined by solving Eq.(5) with finite flow times, one does not need
the locations of complex saddle points explicitly. General manifolds are also studied in [23, 24],
where the manifolds are determined such that a cost function is minimized. The second issue is
closely related to the first issue because one may find an optimal manifold which has finite, but not
so large potential barriers by considering general manifolds. One of familiar methods to perform the
Monte Carlo sampling on such manifolds is tempering method (replica exchange method) [25, 26].
The objective of the present paper is to propose an approach to solve the third issue. As we claim
in Sec. 1, we consider a modification of the partition function such that it is written as an integral on a
single Lefschetz thimble. Once we obtain such a partition function, the interference of the global sign
factors never occurs.
3 Modification of partition functions
In this section, we derive the key identity which plays a central role in this study. First, we define the
expectation value of an observable O(x) as
〈O〉 f ≡ 1Z f
∫
D
dxO(x) f (x)e−S q(x). (6)
In particular, for the quenched model f (x) ≡ 1, we simply write
Z ≡ Z1 =
∫
D
dxe−S q(x), 〈O〉 ≡ 〈O〉1 . (7)
By the definitions, the observable O(x) obeys
〈 f 〉 〈O〉 f = 〈 fO〉 . (8)
By using the identity, we find the following relation for two arbitrary complex-valued functions f (x)
and g(x) and the observable O(x):
〈 f 〉 〈O〉 f + 〈g〉 〈O〉g = 〈 f + g〉 〈O〉 f+g . (9)
If 〈 f 〉 , 0, we obtain
〈O〉 f = 〈O〉 f+g +
(
〈O〉 f+g − 〈O〉g
) 〈g〉
〈 f 〉 . (10)
This relation is presented first in [16]. This identity shows that one can obtain 〈O〉 f by computing the
observables in other models Zg and Z f+g. Thus, the central issue is to find an optimal g(x) such that
the cancellation of the global phase factors does not occur in the two models Zg and Z f+g. Therefore,
it is necessary that Zg and Z f+g consist of only one Lefschetz thimble. We note that Z f+g is obtained
by modifying the original partition function.
4 Gaussian model
Here, we demonstrate how to modify the thimble structure of the original model Z f by adding a
function g(x) with a simple Gaussian integral. We shall consider the partition function as
Z f =
∫ ∞
−∞
dx f (x;α)e−x
2/2, f (x;α) = (x + iα)2, (11)
where α is a positive real parameter. The total action S (x) = x2/2 − log f (x;α) is complex when
α , 0, and it causes the sign problem. The analytic expression of an observable in this model can be
easily obtained. For example, the expectation value of x2 is given by
〈x2〉 f = 3 − α
2
1 − α2 . (12)
In Fig. 1, we show the thimble structure of Eq. (11) for α = 1.0, and 3.0, respectively. The red and
blue solid lines represent the Lefschetz thimble and its dual which are one dimensional curves on the
complex plane. The circle and triangular points represent the saddle point and the zero of f (z). The
saddle points are given by
zσ = − iα2 ±
√
8 − α2
2
. (13)
While the f (x) is a quadratic polynomial, it has an only one zero point:
ζ = −iα. (14)
If α = 2
√
2, the saddle point is degenerated. We find that the Gaussian model has a single-thimble
structure for α > 2
√
2.
In order to use the identity Eq. (10), both Zg and Z f+g should have the single-thimble structure. A
straight forward way to satisfy these requirements is choosing g(x) as
g(x; β) = f (x; β) = (x + iβ)2, (15)
Figure 1. The thimble structures of the Gaussian model for α = 1.0 (left) and α = 3.0 (right). Red and blue lines
represent the thimbles Jσ and its dual Kσ, respectively. The circles and triangles show the location of the fixed
points and zero points of f (z).
with β > 2
√
2. When we employ this function, the modification of the Gaussian model is defined as
Z f+g =
∫ ∞
−∞
dx ( f (x;α) + g(x; β)) e−x
2/2. (16)
The typical thimble structure of Z f+g is shown in Fig. 2. Due to the addition of g(z), there are two
non-degenerated zero points and three saddle points in general. Thus, the topology of the thimbles is
changed from the original one. We also find that if β & 3.0, the modified model consists of only one
thimble for all α ≥ 0.
Figure 2. The thimble structure of the modified Gaussian model for α = 1.5, β = 3.3.
We compute the expectation values 〈x2〉g and 〈x2〉 f+g by thimble integration for β = 3.3, and
reconstruct the expectation value of the original Gaussian model 〈x2〉 f via Eq. (10). Other quantities
〈 f 〉, 〈g〉 and 〈 f + g〉 are computed by the usual Monte Carlo method because the quenched model has
no sign problem. In Fig. 3, we show the numerical results of 〈x2〉 f as a function of α, which is plotted
by red circles. The solid curve is the analytic result Eq. (12). For comparison, we also show numerical
results obtained by the complex Langevin dynamics. Even where the analytic solution shows quite
singular behavior, our numerical result well agrees with that.
Figure 3. The expectation value 〈x2〉 as a function of α. The solid line represents the analytic result (12).
5 Discussion and Summary
In this paper, we have proposed a way to modify the thimble structure in order to avoid the effects
of global sign factors. Here, the modified partition function is defined by adding a complex valued
function to the fermion determinant. By applying this approach to a toy model, we demonstrate how
our method works. We have shown that the identity Eq. (10) plays an important role and it enable us
to reconstruct the expectation value defined in the original model from that in the modified model. We
have found that our numerical result well agrees with the analytic result even when it has a singularity
in the parameter space.
Finally, we comment on the possible objections to our approach. In this study, we have implic-
itly assumed that the expectation values 〈 f 〉 and 〈g〉 can be computed by Monte Carlo integration.
Recalling that the former one 〈 f 〉 corresponds to the expectation value of the fermion determinant at
large chemical potential, 〈 f 〉 is unlikely calculated in more complicated model. Other criticism is that
our approach seems to be same as the reweighting technique. Indeed, the ratio 〈g〉 / 〈 f 〉 involved in
Eq. (10) is written as
〈g〉
〈 f 〉 =
∫
dxg(x)e−S q(x)∫
dx f (x)e−S q(x)
=
∫
dxg(x)e−S q(x)∫
dx
(
f (x)
g(x)
)
g(x)e−S q(x)
=
〈
f
g
〉−1
g
, (17)
and this quantity is nothing but the reweighting factor.
We shall remark that in principle, direct computation of 〈 f 〉 is not necessary to our approach. For
instance, if there exists two different functions g1 and g2 which satisfy
〈 f 〉 〈O〉 f + 〈g1〉 〈O〉g1 = 〈 f + g1〉 〈O〉 f+g1 , (18)
〈 f 〉 〈O〉 f + 〈g2〉 〈O〉g2 = 〈 f + g2〉 〈O〉 f+g2 , (19)
one can solve these equations for 〈O〉 f and 〈 f 〉. This idea is slightly generalized and demonstrated
for the Gaussian model in our recent paper [27]. Moreover, this approach works well even when the
reweighting factor is small.
We will also explore thimble structure of the massive Thirring model and its modifications. Since
the Thirring model has good analytical properties, studies on this model will give us insights into
the theoretical aspects of the modification of partition functions. The detail of these studies will be
reported elsewhere.
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